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Abstract. We introduce a deformed topological vertex and use it to define 
deformations of the topological string partition functions of some local Calabi- 
Yau geometries. We also work out some examples for which such deformations 
satisfy a deformed Gopakumar-Vafa integrality and can be identified with the 
cquivariant indices of some naturally defined bundles on the framed moduli 
spaces. 



1. Introduction 

Since the introduction of the topological vertex in [1] , there have been interests in 
generalizing it to have more variables. Very recently one such generalization using 
Macdonald's polynomials has been introduced [4]. In this paper we will consider 
another one. 

Recall the topological vertex involves three partitions, when one of them is empty 
it is related to the leading term of the large N colored HOMFLY polynomials of 
the Hopf link, and the general topological vertex can be expressed in terms of 
such leading terms. We will use the whole colored HOMFLY polynomials to define 
the deformed vertex, hence deformations of the partition functions of topological 
strings. 

We define the deformed topological string partition functions simply by replac- 
ing the topological vertices by the deformed vertices, so their geometric meaning 
is missing at present. Nevertheless, they share some important properties with the 
undeformed topological string partition functions For example, our examples in- 
dicate that the deformed topological string partition functions satisfy a deformed 
Gopakumar-Vafa integrality. We will also show that many results in [23] and [12] 
can be generalized to the deformed case, i.e., we obtain some explicit expressions 
for some deformed topological string partition functions which we identify with the 
equivariant indices of some natural bundles on the framed moduli spaces. 

The rest of the paper is arranged as follows. In Section 2 we compute the equi- 
variant indices of some natural equivariant bundles on the framed moduli spaces. In 
Section 3 we collect some results on skew Schur functions which serve as our main 
technical tools. In Section 4 we will introduce the deformed topological vertex by 
studying the large N Chcrn-Simons invariants of the Hopf link. We present some 
product expressions for certain sums of these invariants in Section 5. We propose 
in Section 6 partition functions of some local Calabi-Yau spaces using the deformed 
topological vertex and identify with the equivariant indices in Section 2. 
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2. The Deformed Instanton Counting 



In this section we consider some equivariant indices of equivariant bundles ex- 
tending the ones considered in [12]. They give us the "deformed instonton counting 
functions" to be identified with the "deformed curved counting functions" in §6. 

2.1. The framed moduli spaces. Let M(N,k) denote the framed moduli space 
of torsion free sheaves on P 2 with rank TV and c 2 = k. The framing means a 
trivialization of the sheaf restricted to the line at infinity. In particular when N = 1 
the framed moduli spaces are the Hilbert schemes . See [16] for details. 

As proved in [16], M(N,k) is a nonsingular variety of dimension 2Nk. The 
action of the maximal torus T of GLn(C) together with the torus action on P 2 
induces an action on M(N,k). As shown in [16], the fixed points are isolated and 
parameterized by A^-tuples of partitions fl — (ji 1 , ■ ■ ■ ,/J- N ) such that = k. 

The weight decomposition of the tangent bundle of TM(N, k) at a fixed point jl is 
given by 

(i) fe^ { £ t ^-%?-^ + £ r )H+i * 2 - (/M ), 

where t\,t 2 £ C* x C*, and e a E T. 

The space M(N, k) has the following remarkable property. Let E be an equivari- 
ant coherent sheaf on it. Even though H l (M(N, k), E) might be infinite-dimensional, 
it still makes sense to define the equivariant index and compute it by localization 
(cf. [16]): 

Lemma 2.1. Let E be an equivariant coherent sheaf on M(N,k). Then 

2Nk / itE \ 



C(M(N, k), E) - ^(-1) J ch H\M{N, k),E) = £ ch 



i=0 



A_iT2M(iV,fc) 



2.2. Some naturally defined bundles on the framed moduli paces. Recall 
M(N, k) can be identified with the space of equivalent classes of tuples of linear 
maps 

(B 1 :V ^V;B 2 :V ^V;i :W ^V;j :V ^W) 

satisfying 

[B u B 2 ]+ij =0 

and a stability condition. Hence one gets a vector bundle Vfc over M(N, k) whose 
fibers are given by V. This bundle is an equivariant bundle, and its weight decom- 
position at a fixed point fl is given by [16]: 

(2) V fc = 0e Q ]T t^ + H 2 

Therefore, the weight of detVJ at the fixed point jl is 



-Hi 

b 2 



ilk"*" 1 n 
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One can has an equivariant bundle Wfe whose fibers are given by W . It has the 
following weight decomposition: 



N 



(3) W fe = e «- 



a=l 



Now we take E™ k = K^ k ® (detV£) m , where K^,k denotes the canonical line 
bundle of M(N,k). By Lemma 2.1, (1), (2) and (3) one easily gets 

Lemma 2.2. We have 

(4) 

£ Q k x(M(N, k), A_ e -t (V fe ® W^) ® A_ e - t (VJ ® W fe ) ® ^,fe)(ei, . . . , e N , t^t 2 ) 

k>0 

N 

= e Q^^n k i/,a| n 

w 1 - p~ 1 p p~ L t~' l ~ t± t~ 

rr rr 



a, 7=1 e-yt^ t 2 J v^a e^b-y (. 2 J 

JJ l-e- t (e 7 e- 1 tr + V +1 )- 1 ^ 



2.3. Rank 1 case and generalizations. When N = 1, ti = q an t2 = q , we 

have 

E O fc x((C 2 ) [fc] , A_ e -« (Vfe ® Wfe) ® A_ e - t (VJ ® Wfe) ® Xi,fc)( g , g- 1 ) 



fc>0 



(5) „~tqc(x) ^ _ e -tq-c(x) 

j-h(x)/2 _ „h(x)/2 ' „h(x)/2 _ „-h(x)/2 ' 



Since the canonical line bundle ifi.fc is equivariantly trivial, this is equal to: 
Q k x(M(i, k), A_ e - t (Vfe ® W£) ® A_ e - t (V£ ® w fc ))(g, T 1 ) 

fe>0 

11^ l_oh(o:) !_ ff -fe(x) ^ 



This can be generalized as follows. Let 



W e -«,«(V„) = A_ e -i(V„) ® A_ e -*(V£) ® S e -*»(V n ) ® S e -*„(Vi). 
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Now by (1) and (2), 

(7) iiL (i - V"'-' +1) )d - t-^- i+ %r j ) 

{ +L {l-ye-H^h^il-ye-Hthi- 1 ) 

This generalizes the equivariant Xy genera of the Hilbert schemes as one can see by 
taking e _t = 0. It is easy to see that 



x((C 2 )W,A^ y (T*(C 2 )W)®W e - t JY n ))(q,q- 1 ) 
(8) _ yr (l-e-y^Xl-e-V^)) (1 - yq h ^)(l - yq- h ^) 

1 7^ Jei A 1 ~ 2/ e "V (a:) )(l - ye-tq- ^)) (1 - q h (*))){l - q~ h ( x )) 

We will generalize this further to an analogue of the elliptic genus as follows. Define 

oo 

E11(T(C 2 )M V„)(2,,p,e-*) = ®(A_ w »-i (T*(C 2 )N) ® A_,- v (T(C 2 )M) 

®V( T *( c2 ) W ) ® <V(T(C 2 )["1) 
8>A_ e -t p n-i (V„ © V* ) ® A_ e - tp „ (V„ © V* )* 
®S e -* w »-i(V„ © V£) 8> 5«.-t v -ip»(V n © V,*J*. 

This suggests that we should consider the supermanifolds obtained from (C 2 )[™1 
whose odd part of the tangent spaces are V„ © V* . By taking p = 0, one gets: 

Ell(T(C 2 )l"],V n )(y,0,e" t ) 
= A_ y (T*(C 2 )["]) © A_ e -t(V„)® A_ e -*(V;) © S e -.„(V„) ® 5 e -*„(V;) 
= A_ y (T*(C 2 ) [n] )©^ e - t , y (V„). 

by (1) and (2), 

X ((C 2 ) W , E11(T(C 2 )W , V„)(2/, p, e"*))^ , h) 

= T n ft Ai - « P fc - i ^"V (w - j+i) )(i - 

(i - - vHt^h^h 

(i - e-y-H^+v'^xi - e-y-Hr 1 ^-^ 



(i - ye-y- 1 ^ 1 ^ - ye-y^r 1 ^ 1 ) 
(i - e -yy + y +1 xi - e-y-yyM 
' (i - ye -ytr 8+1 i 2 " J+1 )(i - ye-ytr^- 1 ) i • 
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(10) 



It follows easily that 

X ((C 2 )N,Ell(T(C 2 )["],V„)(y,p,e-*))(<z, (7 - 1 ) 

- / (I - p fc-lygMM))(l -pfc-lyg-MM)) 

2^ 11 11 I (l- V k-l a h{i,j))(l_ v k-l a -h{i,j)\ 

(1 - p fc y-V (iJ) )(l - p k y- 1 q- h ^) 

(1 - e-y- V^'))(l - e-y^V^) 
(1 - e- t p k - 1 yq< i ^)(l - er t p k - 1 yq -< i ,j)) 

(1 - e-VV - e"V9" c(iJ) ) 
(1 - e-y=y-V(*>j))(l - e- t p k y- 1 q- c ( i >i')) , 

It is natural to expect that a deformed version of the equivariant DMVV conjecture 
holds for such deformed elliptic genera. 

2.4. Rank > 1 case. When t\ = q, t 2 = q^ 1 , after a tedious elementary calculation 
one can find: 

(11) 

£ Q k X (M(N, k), A_ e - t (V fc ® W£) ® A_ e -« (V% <8> W fc ) ® ^ fc )( ei! . . . , e N , g, g" 1 ) 

fc>0 

= £ QEiLxlM'le-^E^lM-l TJ ( e -lM-| g -«M-/a >- 

* e t/2 q (j-i)/2 _ e -t/2 q -(j-i)/2 

' 11 11 „h(i,j)/2 _ Q -h(i,j)/2 

a=l y y 

n, -pi- 1 - e t e a e 1 l q i 

y 11 i_ P P -iX+Wj-H+i 

l<a< 7 <JV Q 7 ^ 

t — r 1 ^ 5 ^ ' . 

' (Jt, l-e^V^^"^ 



n n 

n "i r 1 — e e Q e^ g-' 

i<q<7<jv (ij)e^° Q t y 

nl 6 6 a 6^ g ' ' 
i - P p- 1 „-(m7+(m°)H-j'+ 1 ) 

(iJ)eM 7 Q 7 q 



3. Preliminary Results on Skew Schur Functions 



In this section we collect some results on skew Schur functions. They will be our 
main technical tools for the rest of the paper. 
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3.1. Summation formulas for Skew Schur functions. Recall the following 
identity: 

(12) II ^ ~ Q x iyo)~ l = cx pE — Pn(x)p n (y), 

i,j — l n—l 

where x = (xi,x 2 , ...),y= (2/1,2/2, ■■■), and 

p n (x) = x™ + X^ H • 

For some specializations, the left-hand side of (12) may not make sense, but the 
right-hand side makes sense. For example, when x = q p — (q~ 5 ; q~ 2 , . . . ) ; y = 
q~ p = (g3 , , . . . ), the left-hand side becomes 

oo 

n (! - w i )> 

which does not make sense, while on the right-hand, 

(13) p n (q") = q -i + q- 3 -?+...= -Xf_ = = 

1 — q " 1 — q n 

hence the right-hand side of (12) is 

(<zQ)" \ 



exp 



E 



^(3 n -l)V ■ 

We will use the following identity for skew Schur functions (cf. [13, p. 93, (1)]): 
(14) ^2s, l/tl (x)s n/u (y) = exp^2 -Pn{x)p n {y) ■^2 / S ll / T (y)s u / T {x), 



n—l 



n-1 



(15) y ^2,s r)/lJ t(x)s r) t/ v {y) =cxpj^ Vn{x)p n {y) ■ ^ s fl / T t(y)s I/ t/ T { 

r) n—l r 

where x — (xi, #2; . . . ), y = (f/ij . . . ). In particular, 

(16) ^s^(x)s^(j/) = exp^2 -Pn(x)p n (y), 

7] n—l 

oo ^ 

(17) ^Sv/ni^Srtiy) = CXp^ -Pn(x)Pn(y) ■ Sfi(y), 



1 n 

n—l 



(_]\n— 1 

(18) ^s r) (x).s, )t (y) = cxp^] Pn(z)Pn(y), 



n—l 



00 (_]\n-l 

(19) E 

s r;/^' (x)s n 

(y) = cx pE Pn(x)pn{y) ■ s M (y) 



For x = (xi,x 2 ,...), y = (i/i, y 2 , • • • )> let (x,y) = (xi, yi, x 2 , y 2 , ■ ■ ■ )■ Then we 
have 

(20) s "/?( x ) s e/^(y) = 8 n/v( x > y)- 

i 
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We will need the following: 
Lemma 3.1. [23] The following identity holds: 



(21) 



N 

i/i i/W r) 1 1/"- 1 fe=l 

(QkQk+i---Qi-iy 



^ ^i-^ Pn (x*) Pn (y^), 

l<k<l<N+l n=l 

w/iere rj° = i] N = (0), i = . . .), y fc = (2/1,2/2: •••)■ 

Formulas of the type in the following Lemma appeared in [7] without proof. 
Lemma 3.2. For \uv\ < 1 we have 

(22) ^2u M v M s t , /l/ (x)s tl/iy (y) = exp ^ - j—^ Pn (x) Pn (y) , 



1 1 



(23) ^2(-u)^(-vps ll/vt (x)s^ /l/ (y) = exp^ — — ^—— Pn ( x ) Pn (y). 
For \u\U2ViV2\ < 1, we have 

u i u 2 v i v 2 s v/d x ) s v/dy) s "/v( z ) s i*/v( w ) 

= CXp V — — ^ — - (u" Pn {x) Pn (z) + U2 Pn (y)Pn(w) 

^ n(l - (U\U2V\V2) n ) 

+ (uiU2Vl) n Pn (w) Pn (z) + (u 1 U 2 V2) n P n{x) P n(y)), 



and 



(25) 



00 



= exp^j — - ( u ^ U2ViV2 y^ {-UiPn{x) Pn {z) - U2 Pn (y) Pn (w) 
+ (uiu 2 vi) n Pn (w) Pn (z) + (uiu 2 V2) n Pn(x) Pn (y)), 

Proof. Write the left-hand side of (22) as S(x,y,u,v). By (15) one has: 
S(x,y;u,v) = ^(iw) H ^ s^^s^^y) 



u" 
n 



exp^] — Pn {x) Pn (y) ■^2(uv) ll/l s l , /f ,(ux)s^/ fl (y) 

n—1 v,fx 

00 u n 

exp^ — Pn (x) P „(y) ■ Y J V^u M s v/ll {vy)s v / ll {u3 

n—1 

00 u n 

expV" — Pn (x) Pn (y) ■ S(vy,ux;u,v). 
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This procedure can be graphically represented as follows: 



/' 




One can repeat this procedure for infinitely many times to get: 

~ 1+u n + u 2n + {uv) 2mn 

= exp> p n (x)p n (y) ■ b((uv) x,(uv) y;u) 



exp 



^ u n (l + (uv) n + ■■■ + (uv) 2n + ■■■) . . . . 
y, Pn(x)Pn{y) 

* 71 



^ n(l - (uv) n ) 



The proof of (23) is similar. We present two proof for (24). In the first proof we 
use (14) and (20) to reduce to (22): 



CXp^] —Pn(y)Pn(w) ■ Y ^ lu 2 lv l lv 2 ls v/t( x ) s v/v( Z ) S v/v( U 2y) S i;/v( l 
n— 1 77 



oo „ 

Un 



cxp^ —p n (y)p n (w) ■ Y u i ( u 2ViV2) M s tl /„(x,u 2 v 1 w)s ll / u (z,U2V2y) 



1 71 

n— 1 /j.l/ 

3 



exp V —Pn(y)Pn(w) ■ CXp V — 1 —{p„ (x) 

n ^ n{\ - \u\UiV\Vi) n ) 

n—l n—1 v v ' ' 

+{u 2 vi) n p n {w)){p n (z) + (u 2 v 2 ) n p n (y)) 

OO ^ 

CX PE n(l-( UlU2t , lV2 )n) (u?P " (a;)p " (z) 

+ (wiM 2 W2)™Pn(a;)Pr l (y) + (wii^ni )>„ (w)p„ (z) + u 2 p n {y)p n (w)) 
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The second proof of (24) is similar to the proof of (22). We write its left-hand 
side as S(x, y, z, w; u, v). Then we have: 

S(x,y, z,w;ui,U2,v 1 ,v 2 ) 

= Y J (uiv 1 ) lil (u 2 v 2 ) l,ll ^2s tl/i (u 1 x)s ll/rl (z)^2s u/i (y)s ly/rl (u2w) 
= exp V] -(u"p n (x)p n (z) + u 2 p n (y)p n (w)) 

n=l 

■ 51 {uiVi)^{u 2 v 2 ) M s ri / li {u 1 x)s £i / li {z)s ri / v {y)s i / v {u2w) 
= exp V] -(u"p n (x)p n (z) + u 2 p n (y)p n (w)) 

n=l 

■ ^ u i l v[^u 2 vl v 2 " l s n /^(uix)s i/ ^(viz)s v/ „(v 2 y)sz/„(u 2 w) 
= expV" -(uip n (x)p n (z) + u 2 p n {y)p n (w)) ■ S(viz,uix,u 2 w,v 2 y;ui,u 2 ,vi,v 2 ). 

* — * n 



n 

n=l 



Repeating this procedure for four times: 
S(x,y,z,w;ui,u 2 ,i>i,v 2 ) 

OO ^ 

= expV" + (uiu 2 V!V 2 ) n )p n (x)p n (z) +u 2 (l + (u 1 u 2 v 1 v 2 ) n )p n (y)p n (w) 



n 

n=l 



+ (uiu 2 vi) n (l + (uiu 2 viv 2 ) n )p n (w)p n (z) 
+ {u 1 u 2 v 2 ) n (l + (uiu 2 v 1 v 2 y l )p n (x)p n (y)) 
■S(uiu 2 viv 2 x, uiu 2 viv 2 y, u\u 2 v\v 2 z, uiu 2 viv 2 w; Ui,u 2 , vi,v 2 ). 
Repeating this procedure for infinitely many times: 
S(x,y,z, w;u 1 ,u 2 ,Vi,V2) 

= exp V — — {u^p n (x)p n (z) + u^p n (y)p n (w) 

z — ^ nil - (uiu 2 viv 2 ) n ) 

n—l v x y ' 

+ (u 1 u 2 v 1 ) n p n {w)p n (z) + {u 1 u 2 v 2 ) n p n (x)p n (y)). 

□ 

3.2. Some results on specialization of Schur functions. Recall any symmet- 
ric function / can be written a polynomial f(ei,e 2 ,...,e n ,...) in the elemen- 
tary symmetric functions ei, . . . , e n , . . . . Let E(u) = 1 + Y^Li e nU n ■ We write 
/(ei, . . . , e„, . . . ) as f(E(u)). In general, take E(u) to be any formal power series 
with leading coefficient 1, f{E{u)) defines a specialization of /. 

Lemma 3.3. Let a = (oi, a 2 , ■ ■ ■), b = (pi, b 2 , . . . ), and 



E{u) = 



rn=i(i+M 
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Then we have 

(26) p n (E(u))=p n (a)-p n (b) 
Proof. Let 

oo 
n=l 

Then one has [13]: 

d , „ , . , a, b 



n-u) = f iog^) = E(rr^-TT7-) 

aix z — ' 1 + diU 1 + 

i— 1 

oo oo oo 

= EE( a " - & ?)(- u ) n_1 = E^ a ) -ft»(6))(-«) tt - x . 



-1 n— 1 n— 1 



□ 



Lemma 3.4. Let a = (ai, <22, . . .), & = (pi, 62, . . . ), c = (ci, C2, . . . ), d = (di, . . .), 
and 

n l= i(i+6 4 w) n^iii+^w) 

T/ien we have 

, 27) £'.wM*w)-n g:^:S' - 

Proof. This is a straightforward consequence of (16) and Lemma 3.3. □ 
4. The Deformed Topological Vertex 

In this section we will introduce the deformed topological vertex. We will begin 
by studying the large N Chern-Simons invariants of the Hopf link. We will express 
them in terms of specializations of skew Schur functions and study their symmetric 
properties. It will be interesting to combine our approach with that of Awata and 
Konno [4]. We hope to report on this in a separate work. 

4.1. The quantum dimension. Recall the large N invariant of the unknot is 
given by the quantum dimension [14]: 

t/2 c(e)/2 _ -t/2 -c(e)/2 

(28) W„( g , e -') = n V)/ 2 _ q -Me)/ 2 ' 

where fi = (fj,i, fxi) is a partition. For the zero partition we take W^(q, e ) = 1. 
Here c(e) and h(e) are the content and the hook length of the box e in the Young 
diagram [i respectively. From the definition (28) one easily gets the following: 

Proposition 4.1. The quantum dimension has the following symmetry properties: 

(29) W fl (q- 1 ,e t ) = W fl (q,e- t ), 

(30) W flt (q- 1 ,e- t ) = W flt (q,e t ) = (-l^W^q, e"'). 
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Our next result express the quantum dimension as a specialization of the Schur 
functions. 

Proposition 4.2. The quantum dimension can be identified with the following spe- 
cialization of the Schur function: 

(31) W,(q, e" 4 ) = (qe^s^E^ (u; q, e" 4 )), 
where 

oo oo n 1 _j- i—1 

(32) («) = 1 + £ u n e n = 1 + E M " II J-l • 

n— 1 n— 1 2—1 

Proof. Recall the following fact from the theory of symmetric functions. For a 
specialization with 

oo OO , j 

#(«) = y w = ni-^, 

v ; ^ 11 1 - aq l V 

r=0 i=0 y 

one has ([13], p. 27, Example 5, and p. 45, Example 3). 

(33) K - 

i=l H 

(34) u = ftifei, 



(35) 



i=l 

a r - 6 r 
1 ' 



q" 



Hence one gets E(u) in (32) by taking a = e ',6=1, and q = e^^ x . It follows 
that 

,-t _ c(e) 



ff> e-*)) = ^>n\4„ 

i/2_c(e)/2 _ „-t/2„-c(e)/2 



0*)+| Ee<=J c ( e )-M e )]„-Mt/2 TT e g ~ e _g 

11 gh(e)/2 _ q -h(e)/2 



t/2 c(e)/2 _ -t/2 -c(e)/2 
[q > 11 a Me)/2 _ g -h(e)/2 

= (g-'e- 4 ) 1 ^/ 2 ^^^-'). 
Here we have used the following properties of the hook length and the content [13]: 

(37) ^T,h(x)=n(v)+n(v t ) + \u\, 

(38) s £^c{x)=n{v t )-n{v). 

□ 
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4.2. The invariant of the Hopf link. Recall the large TV invariant of the Hopf 
link is [15, 2]: 

(39) W^(q, e^) = W^q, e^q)^ 2 s„(E»(u; q, e~% 

where 



l{fi) 



E»(u; q, e"*) = TT ■ (1 + f „» f[ 1 " C " t ; )■ 

t=l y n=l i=l y 

Proposition 4.3. PFe /jewe 

(40) B"(u) = 



-t „i-l 



rn^a+^-v) 



Proof. Recall the following famous identity due to Cauchy [3]. For \x\ < 1, \q\ < 1, 



OO TT, 



i + \" t« TT C 1-0 ^ ) - TT ^ ~ ^g!j 

i + Z^ 3 ' 11 <l_ q i) 11 (l_a.gi) ' 

n=l i=l v J ' i=0 v y ; 

Now 



oo n 



Q 

n—l i—1 n—1 



1 + q~ % u 



. e t q % u 

i—l 



Hence (40) follows. □ 
Apply Lemma 3.3 to E^(u): 

oo 

(41) p^E^u-q^e-*)) = ^(^(w-O -e-^-O). 



Now note 



oo 



1 - g-« 1 - q r 



i=l 

Hence we have 

(42) p^E^u-q^e-*)) = p n (5 rt+p -*)+P»(e-*g- p "*)- 

I.e., formally -E M (u; e - *) gives the specialization (q' I+p ~^, e~ l q~ p ~^). In (42) and 
the expression below, we are not working in different domains \q\ < 1 and \q\ > 1 at 
the same time. Instead, we write the relevant skew Schur functions as polynomials 
of p n {q p ) and p n {q~ p ), whose values are given by (13). Hence our treatment is 
mathematically rigorous. For later use note 

(43) Pn {E^u; q, e"*)) = pi(£7"(g n , e~ nt )), 
and 

oo 2(m) -, _ _f 

(44) p 1 {E^{ U ;q,e- t ))=Y,{q^- i -e- t q- i ) = " 



9-1 
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Lemma 4.1. We have 

(45) 8 v {E»(u\ g, e"*)) - q- M/2 Y, W e ~ V P K(<f +p ) 

V 

Proof. We use (42) and (20) to get: 

= g- H/2 £W e ~V p K(<z'' +p )- 

This proves (45). To prove (46) recall the following identity proved in [21]: 
(47) s v ^ +P ) = (-l)l^-/ 2 £ 8 ^ {q ~ P ^ p f q ~ P) . 



□ 



Corollary 4.1. We have the following symmetry: 

s ut/r , t (E^ («; g, e"*)) = (-l^H'Ig-tM-N^/^fo g -i, e -*)). 



Proof. Recall the following symmetry [23]: 

(49) s x/ll { q »+») = (-l)W-M Sxt/l±t ( q -"-P). 

Hence (48) follows from (46). □ 

4.3. Symmetries of ^^1^2. 
Proposition 4.4. We have 

(50) W^^e-*) = W ll 2^{q,e~ t ), 

(51) W^wrfae-*) = (-l) 1 " 1 ^'"^^.^^ 1 ^-*). 



Proof. The identity (50) follows from the fact that W^i u 2 (q> e *) can be obtained 
from the colored HOMFLY polynomials of the Hopf link. By (39) and (??), 

W MV «(?,e-') = W r ^(g,e- t )(c t ?)l*' t l/ a « I ,«(S Mt (u; 9 ,e- t )) 

= (-l)^l^(g- 1 , e- t )(e t g)l i/ l/ 2 (-l)l"lg-l I/ l S ,(^( U ; g"\ e" 4 )) 
= ^^(g-i, e -*). 

This proves (51). □ 
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4.4. The Deformed topological vertex. The topological vertex introduced in 
[1] is defined by 

(52) W^, M >{g) - 2^V(p»)* 9 yy^) ' 

where 

It can be reformulated in terms of skew Schur functions [20, 23, 7]: 

WwMti = 9 s ' 3/2 v(9 P )E s f I A(^ ) ' +P ) s (rt'rt(?" 1+P )' 
Now we define the deformed topological vertex to be: 

WV,M 2 ,M 3 (?> e_ *) 

(53) =9 K - 5/2 e- | ^ |t/2 ^(g,e- t ) 

• £ WV^^Cm") 1 («; e-*)) g (l^l-l,l)/2 S(M3)V?)( ^ (u . ?j e - t)) . 

It is easy to see that the leading term of W M i ^ ^(q, e _t ) is W M i M 2 ^(g). When 
/i 1 = (0), 

WWv> (9, e" 4 ) = gV^^-l^l*/ 2 ^ (g, e -*) g lM 3 l/2 S( ^ )t ( ^ (u . ^ e - t)) 
When [i 3 = (0), 

WV^ojfae-*) = e-l" a l*/ 2 W M a (?»e-*)« l '' 1|/3 v(^ ' a)1 (";?.e-*)). 
When ^ 2 = (0), 

Wy,(o),^(<7,e~*) 

(54) = 5 % s/2 £ V/17 (2S( U ; g, e-'JJg^VN)/*^,^^; g, e"*)). 

n 

One then sees that Wni »2 „3 does not have the Z3 cyclic symmetry. 
Proposition 4.5. We ftaue 

(55) W (Ml)t , ( ^ )t , (M3)t (g,e-*) = (-l^'+^+^W^.^ifa- 1 , e"*). 
Proof. This is a straightforward consequence of (48). □ 



5. From Summations to Products 

We use the results in the preceding two sections to prove some product expres- 
sions for certain sums of the invariants of the Hopf link and the deformed topological 
vertex. They generalize the results in [9, 10, 5, 6, 23] They will play a crucial role 
in the next section. 
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5.1. Results on F„i„2. For two partitions fx , fx , define: 

i>l j>l 

- £(1 - e" £(1 - 

i>l j>l 

We have 

(56) F MVa (5,e-*) = f^(q) ~ e^f^q) - e"% a (g). 

Indeed, by (44) we have 

= gp!^" 1 (u; e- 4 )) Pl (^ 2 (u; g, e"*) - q Pl (E^ (u; g, e-«))pi(£( >(u; g, e" 4 ) 



Km 1 ) Km 2 ) 

= c 1 - e ~')^ri E - + ( J - e "*)^rr E - <T 3 ') 

9 i=i q j=l 

{(a* 1 ) ;(m 2 ) 

+? E (*" H - • E - 

i=l 3=1 

= (1 - e-*)/ M i(g) + (1 - e-*)/„ 3 ( g ) + (g - 2 + g" 1 )/^ (g)j> (g) 
The expression 

OO 

(57) /, V = = E (g M « 1+ ^- i - J ' +1 - g-^" +1 ) 
has been studied in [23]: 

(58) f^y(q) = q^ + ^- i ~ j+1 + £ g-^^^" 1 

(59) = - £ (g^+^-g^). 
In particular. 

(60) /„(«)= £ 

5.2. Some product expressions. By (56) we have 



i n>l 



ex P ( E " e- nt /^(ff") - e- nt V)*(« n )) 



,n>l 
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From this one can obtain various product expressions. First of all, by (57), 

cx p(E^W)<(<Ae-" t ) 
\«>i j 

y, (1 - uq- l -3 +1 )(l - ue~ t q^-^ +1 )(l - ue" V^'"*"^ 1 ) 
~ ^ti (1 - uq^ + ^ 2)t i- l - J+1 ){l - ue-tq-i-i+^il - ue~ t q- i -i+ 1 ) ' 



(61) 



By (59), 



(62) 



i n>l 



_ xj (1 - uqti-f'-i+^il - ue-V' _i )(l - «e- ( ^-') 
~ i jL (1 - ^'-^(1 - tte-*«^- i+ -')(l - ue-tq^-^y 
By (58) and (60), 



in>l 



(63) 



11 1 .._u}+f« 2 lt— ' 11 



5.3. Product expressions for K ll i^2y(Q). Define 

>W (<9; <?, e- ( ) = £ Q^e-^l+I^M^W^g, e"*)^ (g, e"*). 

Proposition 5.1. TTie following identities holds: 

fc/xV 2 (Q; 9, e~*) 
^(0)(0)(Q;9>e-*) 

( 64 ) / °° nn \ 

= e -(l^l+lM 2 Dt/2^ l(g)e -* )WM2(g)e -t )exp ^^_^ V2(g n )e -n t) j 

Proof. We have 

= E Q |l ' l e- (lfll|+lM2|)t/2 ^ 1 gl I/ l/ 2 s,( J E' 11 («; g, e^I^M/ 2 ^^^; g, e"')) 

(gQ) r 



z — ' n 

n— 1 

In particular, when fj, 1 = fi 2 = (0), 

(65) K (0)(0 )(Q) = expf;^^p n (£;( )( U ;g,e-*)) 2 . 

n— 1 
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Hence 



£(0)(0)(Q) 

e-CI^I+lM'Dt/a^,^ 



exp V ^^(p„(^ 1 («; g, e-*)K(S" a («; g, e" 4 )) - p n (E^ (u; q, e"')) 2 ) 

71 = 1 



,n>i 



□ 



We will find product expressions for K^ir^y in two different ways. By (65), (40) 
and Lemma 3.4 we have 

(66) fyo)(o) = 11 



^ (1 - g-(*+i-i) e *Q)(l - g-(*+J-i) e -tg) 



(«) - fi <1_5 "" c)2 



A (1 -g-»e*Q)(l -g-"e-*Q) 
Recall 



( 6s ) ^.o= n 



e t/2 g (j-i)/2 _ e - t /2 q -(j-i)/2 



It is possible to rewrite this as an infinite product. For the denominator, recall [23, 
Lemma 2.1], 

(69) ^ ^.m-^+j-i _ t j-ij = _ ^ ^i+^-i-j+i. 

l<i<j<oo 

for the numerator, recall 

oo 

(70) fM = E ^ = - E - <^)- 



Hence 

(7i) wy 9 , e - 4 ) = n 



g(A»i-A»j-i+j')/2 _ q-(pi-ti 3 -i+j)/2 

o0-i)/2 _ -0-0/2 
l<i<j<oo * y 

°° e t/2 (? (Mi+J-i)/2 _ e -t/2 q -{f M +j-i)/2 
11 e t/2 g U-i)/2 - e -t/2 Q -(j-i)/2 ■ 



By (62) and (63) one then gets two product expressions as follows. 
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Theorem 5.1. We have 



£(0)(0)(Q) 



n 



gOf+O^-i-i+l)/^ _ ? -(^+(^ I ) 3 '-*-J+ 1 )/ 2 



( 72 ) e t/2 q (j-i)/2 _ e -t/2 q -U-i)/2 



„((M 2 )J+M?-i-J+l)/2 _ -(( M 2 )*+M J 2 -i-J+l)/2 

-j-j- 1 - e^QgJ-* -j-j- 1 - e-'Qg-k'-^ 

, 1 - Q^I+C^)?-*-^ 1 ' y a 1 - Q g -[^)HM?-i-i+i] 



Furthermore, 

£(0)(0)(Q) 



(73) 



3 -(|^ 1 |+|/ 1 2 |+2k|)t/2 TT g g 

11 a (j-i)/2 _ -0-i)/2 

l<i<j<oo * * 

~ e t/2 q {n\+j-i)/2 _ e -t/2 q -(ji]+j-i)/2 
11 e t/2„0-i)/2 _ e -t/2g-0-i)/2 



n 



g (j-i)/2 _ a -(j-i)/2 
l<i<j<oo * * 

~ e t/2 q (tf+j-i)/2 _ e -t/2 q -(tf+ 3 -i)/2 
11 e t/2„(j-i)/2 _ e -t/2 q -(j-i)/2 

,\ (i - Mg ^-^- i+ j)(i - ue-y- i )(i - ue-y-*) 

5.4. Product expressions for C^r^y^Q). Define 

(Q; 9, e"*) = X] e-^ 1 l+l^l+ 2 l i 'l) t / 2 (-Q)l^ W^g, e-*)W„ v (g, e"') 
Proposition 5.2. Tfte following identity holds: 

^(0)(0)(Q;9,e-*) 

=e -(\,W\W2 w ^ (gj e - t) ^ 2 (gj e - t) exp ( _ £ ^_^ a (? „ e -„ t) j 
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Proof. We have 



\+\^\W2 WfilWfi2 exp f_ g &L Pn {E^ (u; g, e- 4 )K(^ 2 (u; g, e"*)) 



n 

n— 1 



In particular, when /i 1 = /.t 2 = (0), 

(75) £(o)(o)(Q) = c^(-f2 { -^p n (E^(u;q,e- t )) 2 ) 



n 

n—l 



Hence 



^(0)(0)(Q) 



n 

n=l 



-p n (E^(u;q,e- t )) 2 ) / 

\ n>l 71 



By (62) and (63) one then gets two product expressions. 
Theorem 5.2. 



□ 



£(o)(o)(<2) 



e t/2 q (j-i)/2 _ e - t /2 q -(j-i)/2 



e t/2 q (j-i)/2 _ e -t/2 q -(j-i)/2 



„((M 2 )|+Mj-i-J+l)/2 _ „-((M 2 )*+^ 2 -i-J + l)/2 

(i,j)e0 2 )' « 9 

! _ Q g M?+(^ 2 )*-i-j + l 1 - Qg-C^^H^-W + D 

11 1-Qe-V"* ".W a l-Qe-*g-^ 
In particular, when /i 1 = /i 2 = /i, 

Ao)(o)(Q) 

-r i^'TT (i-g~V (e) )(i-e~V c(e) ) (i-Qg ft(e) )(i-Qg- h(e) ) 

Af ( 1 -<3e-*g c ( e ))(l-ge-*g- c ( e )) (1 - gM«0)(l - g-M<0) ' 
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Furthermore, 



(77) 



£(o)(o)(<3) 



11 a 0'-»)/2 _ a -(j-i)/2 

l<i<j<oo * y 

~ e t/2 q (ji\+j-i)/2 _ e -t/2 q -(nl+j-i)/2 
11 e t/2 q {j-i)/2 _ e -t/2 Q -(j-i)/2 



n 

1<2<J<00 



q (K-nj-i+j)/2 _ „-(m?-mJ-»+J')/2 
gti-i)/2 _ q -U-i)/2 



I r e t/2 q (tf+j-i)/2 _ e -t/2 q -(rf+j-i)/2 

II e t/2 Q (j-i)/2 _ e -t/2 q -(j-i)/2 



n 



(1 - ug^-^-^Xl - ue-*g J '-*)(l - ue"*^'-*) 
! (1 - - ue-*g^'- i+ J')(l - ue-tq^i-^) ' 



5.5. Generalizations. Define: 



iV 

^ /1 i... /i N(Qi,--- J QAr-i;g,e-*) = E J| g K - fc/2 W^ fc -i Mfe(l/fe) t(g,e _t )Q 

y 1 ,...,!/^- 1 fe=l 



where v° = v N = (0), Q N = 1. 



Proposition 5.3. FKe /iaue i/ie following identity: 



■ ■ ■ ,Qn-i) 
Ui<k<i<N ^(o)(o)(Qfe • • • <2;-i) 

nw>(9.o-«pf e E (Qfc "' n Q '~ l)n ^^)'(g" e ~ nt ) 

k=l \l<k<l<Nn>l 
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Proof. 

^V - /j«(Qi, ■ • • i Qn-i',Q, e~ ) 



N 



v 1 ,.. .,^ JV - 1 fc=l 
N 

2 n 6 "'"'"^^"*) 



l/ 1 ,...,!/^- 1 fe=l 



=v N = rf i = v"- 1 = (0)) 

TV JV-1 

= n e ""* t|t/a w>(9.o e e n 9 (i " fc| - | " fc " i|)/2 

(r? = n N ~ l = (0)) 



fc=l l<k<l<N n=l 



■p n {E» ( g ,e-*)K(^') fee"*)). 
In the last equality we have used (21). Hence 
^■■■^"(Qii ■ ■ ■ ,Qn-V, q, e~*) 



rii<fe<i</v ^(o)(o) (Qfe ' ' ' Ql-HQ, e *) 

n(e-^l t / 2 ^ fc (,,e-*)).exp £ £ (Qfc ' ' ' Q ^ F, w (g», e-*). 



fc=l l<fe<Z<7Vn>l 

□ 

Hence one can easily get a Nekrasov type infinite product expression and the 
following product expression: 

fc-u i -u N (Qij ■ ■ ■ ) Qn-i;q, e - ) 



rii<fc<i<jv'' c (o)(o)(Qfc---(3/-i;g,e *) 

= TT / e -|M°l*/2 TT e g e g ) 

11 1 11 qh(i,j)/2 _ q -h(i,j)/2 > 

(78) ° =1 



n ( n 



l-Qc-- -Qy-ie V 1 



T-r l-Qq-.-Q^ie-'g-^) 
-I- -I i_n ...n , M?+(^)|-i+j+i' ) 
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6. Deformed Topological String Partition Functions of Some Local 

Calabi-Yau Geometries 

In this section we introduce some deformed topological string partition functions 
for some local Calabi-Yau geometries. We identify them with the deformed in- 
stanton counting partition functions considered in §2. Our results generalize those 
related to Nekrasov's partition function [18, 9, 5, 23]. 

6.1. The resolved conifold case. The web diagram is 




Figure 1 



The (undeformed) partition function is given by: 

Z (0) = E W ^)(-l) H Q H W,(q). 

We take the deformed partition function to be: 

(79) Z m = ^e-^W^e-^i-l^Q^W^e-'). 

By (30) it can be also written as: 

(80) Z (0) = ^e-WQ^Wpfae-^Wsfae*). 
By (28), one easily gets: 

ran z v n (i-^v-^a-^v- 3 ) 

m (i,j)ep y ' 

We will prove two results for such deformed partition functions. First of all, we 
will identify it with certain partition functions on the Hilbert schemes. Secondly, 
we will find infinite product expression for it so that one can extract the deformed 
Gopakumar- Vafa invariants. 

By comparing (81) and (5), one gets the following result which generalizes the 
undeformed case considered in [7, 12]: 

Theorem 6.1. One has the following identification of deformed partition functions: 

oo 

(82) Z (0) =J2Q n x((C 2 ) ln \^-e-t(V n )®A_ e - t (V:))(q,q- 1 ). 
n=0 



The second result is a straightforward consequence of (75) and the observation 

z (o) = £(o)(o)(Q)- 

It can be stated as follows. 
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Theorem 6.2. The deformed partition function for the resolved conifold can be 
rewritten as follows. 



iaj /-. —nt\2 
n— 1 ^ ' 



(84) = n 



(1-Qg")"(l-Qe-V) n 
(1 - Qe- t /2 g «)2n 



Besides the natural T 2 -action on C 2 , consider an extra circle action on V\ and 
Vi by scalar multiplications along the fibers. Then we have 

X (C 2 ,A_ 1 (V 1 )®A_ 1 (V*))(t 1 ,t 2 ,e- t ) = 



(l-t^)(l-t^y 
Then we have 

(85) 2 (0) =expf;-x(C 2 ,A_ 1 (^ 1 )®A_ 1 (y i *))(^,^ ) e-" t )| tl=gi42=g - 1 . 

n— 1 

From this one expects an interpretation in terms of symmetric products generalizing 
the nondeformed case in [12]. 



6.2. A related case. A related case is given by the following diagram, where the 
two horizontal edges are glued with each other. 



Figure 2 

The (undeformed) partition function is given by 

(86) Z(Q,Q m ,q) = ^(-QJ^-Qm^'W^V^vfa). 

We take the deformed partition function to be 

(87) i(Q,Q m , g ,e- 4 ) = 53(-Q)'" l (-Qm) |, ' l W r ^(g,e- t )W I/V (g > e- t ). 

fJ>,V 

Now note that 

(88) Z(Q, Q m , q, e"*) = ^(-Q^C^y (Q m ). 
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Hence by (76) 



Z{Q,Q m ,q,e *) 

%o(<2m,g,e-*) 



(89) 




We now identify this as a partition function on the Hilbcrt schemes by comparing 
with (8), generalizing the results in the deformed case [7, 12]: 

Theorem 6.3. One has the following identification of deformed partition functions: 



We do not know a rigorous method to establish an infinite product expression 
for Z(Q,Q m ) at present. For the unddeformed partition function, a physical cal- 
cultion based on duality with Chcrn-Simons thoery was carried out in [7], and a 
mathematical proof based on symmetric products was given in [12]. Here we first 
present another mathematical proof for the undeformed case using Schur calculus. 

Theorem 6.4. [7, 12] For the undeformed partition function, one has 



(90) 




(91) 



Z(Q,Q m ,q) = I 



k=0 1=1 



{l-Q k+1 Qtq l ) l {l-Q k Qi+ 1 q 1 ) 1 

(l - Q fc+1 Q^Y) 2 < 



Proof. We use the following identity [21]: 



(92) 




and (25) 



Z(Q,Q m ,q) = E(^) H (-Q™) M ^(<7)WW(<7) 



E (~Qt\-Q^^ K {q-r) Su/ c(q-f>)s uth (q-e)ss h {q-e) 




+ (QQ m ) n Pn(q- p )Pn(q- p ) + (QQ m ) n Pn(q p )Pn(q p ))- 
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By (26) we then have: 
Z(Q,Q m ,q) 



1 , Q n q n Qm1 n 2(QQ ro )"g" . 

^^[^-(QQmrr (l-q n ) 2 (l-q n ) 2 (l-Q n ) 2 ' 

fTfj (i-Q fc+1 Q^)'(i-Q fc Q^ + Vy 

IU! (i-Q k+1 Q k m + WT l 



□ 



It turns out that this proof can be generalized to another deformed partition 
function: 

(93) Z(Q, Q m ; q, e~ l ) = J2(-Qi) M {-Qm) H W mi/ {q, e^W^^ (q, e" 4 ). 

/'.// 

Theorem 6.5. We have 

Z(Q,Q m ;g,e~*) 

(1 - Q k+1 Q* n q l )(l - e-^Q k +^Qtq l )\ l 



oo / oo 

n n 

k=0 \l=l 



(1 - e-tQ^Q^qiy 



(94) /(i - Q*Q*+V)(1 - e" 2t Q fc Q*+V: 



(l-e-*Q fe g^ +1 ) 2 
,(1 - Q^Q^+VXl - e-^Q^Q^q 1 ) 

Proof. By (25) we have: 

Z(Q t Q m ;q,e-*) 

= E(-3) M (-Q™) N 

■ £ g<l"H fl l>/ 2 V? (^(«; 9, e-*))g(l"l-l^l)/ 2 Si/Vel (£(«; g, e"*)) 

■ ^ g^H^/ 2 v/P (^(«; 9, e-*))g^l-ie 2 D/ 2 Ve2 (E(u; q, e"*)) 



- Qm + 2(QQ m )"K(£(u; g, e -*))p n (E(u; g, e" 4 )) 



^ n(l - (<9iQ m ) n ) (g" - i) 2 
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It is then an easy exercise to show that: 



(i - Q k Q%-W)(i - e- 2t Q k Q k +W V 1 

(1 - e-^Q^Y 
(1 - QWQfrWW - e- 2t Q fc+1 Q^ +1 g') 



□ 



6.3. Another related case. Consider the local Calabi-Yau geometry with the 
following web diagram: 




where we glue together the horizontal edge with other and also the vertex edge with 
each other. The undeformed theory of this case has been discussed in Section 5.1.1 
and Section 6.2 in [7]. The partition function by topological vertex method is 

(95) Z(Q,Q mi Q i; q) = ^(-Q^i-Q^i-QrnpW^^W^^iq). 

We take the deformed partition function to be: 

Z(Q, Qm, Qi',Q, e~*) 

(96) = ^(-Q)l^(-g 1 )l^(-Q m )l"l^ w ,(q,e- t )l¥ r , vtl , t ( 9 ,e-'). 

Theorem 6.6. We have 

Z{Q,Q m ,Q 1 ;q,e~ t ) 

-Z(QijQm;?,e-') 

11 (i_ Mi,j))(i _ a -h(i,j)\ 

(g7) g (i-Q m Q k - 1 q h ^)(i-Q m Q k - 1 <i- h( - i ' j) ) 



k= \ (1 - e-*Q m Q*-y-*)(l - e-*Q ro Q^- 1 g-W-*)) 

(i - QiQg" V^Xi - 9iQg- 1 g- h(i - 3 ' ) ) 
(1 - e-*Q x Q k p -\j-*){l - e-tQxCfi-iq-V-Q) 
(1 - Q*e-y-*) 2 (l - Qje-^-W-*)) 2 

(1 - QfgM«))2(l - Qk q -h(i,j)y ■ 
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Proof. First of all, by the definition of the deformed topological vertex we have: 
Z(Q,Q m ,Qx;q,e~ t ) 
= ^(-Q) l " l (-Qi) IH (-Q™) l?,l e"W t / 2 ^ 1 ( g ,e-*)e-l' lf l t / 2 ^ t (g,e-*) 

■ J2 q™-W\,? (E"' (u; q, e^^He 1 !)/^ (£"(«; q, e"')) 

■ Y, q^-^'\ye q, e-WWWa^ (E^ («; q, e~% 

Hence by (25) we have: 

Z{Q,Q m ,Q 1 ;q,e- t ) 



q" 



- n(l - (QiQ m )«) 

•(-Qi - Qm + 2(Q 1 Q ro )"K(^(u; e-*)K(^ f (u; ?, e"*)). 
It follows that 

^(Q,Qm,Qi;g,e~*) 
-Z(Qi,Q m ;5,e-*) 

oo „ 



e-^W^q, e-*)W Mt (g, e"*) cxp ]T 



^ n(l - (QiQ m ) n ) 

i-Qi - Qm + HQiQm) n )^,Ai n ,e- nt ). 

Hence (97) follows from (63). □ 
Theorem 6.7. We have the following identity: 

Z(Q,Q m ,Qi;g, e~*) 
/ gg s Z(gi,Q m ;g,e-*) 

= Y Q n x((C 2 ) ln] , E11(T(C 2 ) H , V„ ) (Q m , Qp, e"* ) ) (<?, g" 1 ) , 

ra>0 

where Q p = QiQ m - 

Proof, we rewrite the right-hand side of (97) as follows. 

(i - gjg^g^fKi - gjg^g^gf) 

(l-gfc 9 h W))(l-Q^-MM)) 
(1 - e^QjrV^X 1 - e-^-V*^) 



(1 - e-*Q^ 1 Q m g c W))(l - e^Q k p - l Q m q-^)) 
(1 - e-*g*q c ( 4 ^'))(l - e^Q^q-^y) \ 



(1 - e-*Q^Q^ g c (^))(l - e -'QjQ m V c(,j) ) / ' 
Then (98) follows from (10). □ 
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6.4. The SU (2) case. The web diagrams are: 
\_B / \ B 
F 



F 



F 



F, 




B 



B + F 




Figure 3 



where B,F G i?2(F m ,Z) are the homological classes of the base and the fiber 
respectively, and we have 



F = 0, 



B 



BF = 1, 



hence 

(B + mF) 2 = m. 

The undeformed partition functions are calculated in physics literature in [2] and 
formulated as a Feynman rule in [8]. The mathematical proof can be found in 
[22] . The self- intersection numbers of the divisors in the surfaces represented by the 
internal edges play a role in the formula: 

z Fm (QB,Q F ) = J2 ^V^^VM^WMr^V^' 2 '* 

•(Q s Q^) l ' i2| W (Al2)t ^(g)g^ 2| W 1 , vl ( (? )(-i)- m ^ 1 l g - mK , 1 
= E QL Ml|+l " 2| [(-i) lMl|+lM2| ^%" l( ^ 1+ ^ 2) ] m ^,(^r(QF) 2 . 

Here the locations of the partitions are indicated below: 




The above expression for Zf m suggests the following partition function: 

Zv m (q, QbiQf,^ 1 ) 



E 



(99) 



This is not a deformation of Zf m . However it has a similar property as Z$ m as 
follows. 
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Theorem 6.8. We have 
(100) 

ZF m (QB,QF;q, e~*) 

£(o)(o) (Qf; g, e-*)£( )(o) (Qf; q, e') 

= E Q|x(M(2, fe), A_ e - t (V fc ® W£) ® A_ e -« CVJ <8> W fc ) ® ^, fc )(ei, e a , g, g" 1 ) 

k>0 

where Qf = eie^ 1 , ei = — 1. 



Proof. By (99) we have 



£(o)(o)(Qf; g, e *)^(o)(o) (Qf; 9, e*) 

k^jU^y (Q f ; e ~ t )^ i ,(/' 2 ) t (Q f ' e *) 

£(o)(o) (Qf; g, e^ t )/C (0)(0) (Qf; g, e*) 
Now we can apply Theorem 5.1 and (11). □ 



By the second product expression in Theorem 5.1 one can also express 

Z Wm (q,Q B ,QF,e~ t ) 

£(o)(o) (Qf; g, e- t )/C( ) (0 ) (Qf; g, e*) 

as a sum of infinite products. This expression generalizes Nekrasov's partition 
function. 

We propose the deformed partition function to be: 

-2# m (QB,QF;g,e _t ) 
= E (-i) m(l/il|+lAt2|) g~ mK " 1 g mK " 2/2 Qs 1| (QBQF) lM21 

M l,2„l,2 

W^i (q, e-^Q^W^iq, e~*) ■ W^(q, e~*)Q^W^ (g, e~*). 

We have checked in some low degree cases that this to satisfy the following deformed 
version of Gopakumar-Vafa integrality: 

(ioi) F = E EE^- 1 ) 5 " 1 ^^)^ 1 -^ 1 ) 23 " 2 ^. 

ZeH 2 (X)-{0} g>0k>l 

where n|,(e _ *) is a polynomial in e with integral coefficients. For example, for 
Fo, we have 

n|( e -*) = ? 4 = -2(l-e-*) 2 ^ , 

n% 2 = n 9 p2 = 0, n 9 B+F = -4(1 - e"') 3 , 

n 9 B3 = np 3 = 0, «2B+f = n B+2F = _ ( 6 _ 2e ~')(l - e~*) 3 <5 g ,o- 
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For Fi we have 



i» = (1 - e^yS^o, n g F = -2(1 - e" 4 )^, 
4b = n 2F = °> n B+F = C 1 - e~ 4 ) 3 (3 + e~ 4 )(5 ff . , 

= -2e- 3t (l - e- 4 ) 3 ^ , n*. = -e- 4t , 
^ + F = (l-e- t ) 2 (2e^ + 2 e - 3 %, , 
4 +2 F = (l-^) 2 (5-6 e - t -+ e - 2t )«5 g , . 



For F2 we have 



n J B = -(1 - e- 4 ) 2 ,5 g , , n 9 F = -2(1 - e^ 4 ) 2 ^, 

r ) B =2 e - t (l-e- t ) 3 , n° B = e ^(l-e- 4 ) 2 , 

"b+f = -2(1 - e- 4 ) 3 <5 9 , , nf F = 0. 

In general, one can consider the deformed topological string partition functions 
for toric local Calabi-Yau 3-folds in the same fashion and study the deformed 
Gopakumar-Vafa invariants. For example, for P 2 we have 

n?( e - 4 )=3(l-e- 4 ) 2 ^ , 

nf( e ^ 4 ) = -3(l-e- 4 ) 2 (2-e- 4 ) ( 5 g ,o, 

nl{e- 1 ) = (27 - 15 e - 4 )(l - e" 4 ) 3 , n\ = (-10 + 6 e - 4 )(l - e" 4 ) 2 , n% = 0(g > 1), 

n° A = -(1 - e~ 4 ) 2 (192 - 474e" 4 + 390e~ 24 - 114e~ 34 + 6e~ 44 ), 

n\ = (1 - e~ 4 ) 2 (231 - 402e~ 4 + 201e~ 24 - 24e" 34 ), 

n\ = -(1 - e- 4 ) 2 (102 - 120e~ 4 + 30e- 24 ), 

n 3 = (l- e ^ 4 ) 2 (15-12e- 4 ), 

n\ = 0, g > 3. 

We notice the following positivity of n 9 d for these example. Define 

P|(x) = (-ly+^nft-x). 

Then the coefficients of (x) are nonnegative. We conjecture it is true in general. 

Here we want to offer some speculations on the geometric meaning of extra 
variable in the partition function. For a toric Fano surface X, the mathematical 
definition of its Gromov-Wittcn invariants arc defined as follows: 



/_ 

J[M s , (X,d)]-' 



where d G H 2 (X, Z), A4 g (X, d) is the moduli space of genus g stable maps of degree 
d to X, K^ d is the vector bundle on A4 g> o(X, d) whose fiber at a map / : £ — > X is 
given by 7J 1 (S, /*A"x). Since A4 9t o(X, d) is compact, one can do the calculations 
in the equivariant setting: 

/_ e T ,(^ d ), 

and the result is a constant. Here we use the T 2 -action that defines the toric 
structure. However, it is tempting also to do the calculation equivariantly directly 
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on Kx- For this purpose consider an extra circle action on the fiber of the Kx by 
multiplication and consider 



1. 

<[M g<0 {Kx,d)V£$- 

One can take the result obtained by formally applying the localization as definition. 
This might explain the extra parameter in the deformed partition functions. 

6.5. The SU(N) (N > 2) cases. The undeformed topological string partition 
function is given by the topological vertex as follows [10]: 

JV 

z [ ™ ] = Y n{Q^\- l ) {N+m ~ 2t) ^^q {N+2 ' n ~ 2l+1)KiJ - i ) 

H 1 ,...,^ i=l 

JV 

(102) • ]T H(W vk - lttHuk)t (q)q K ^Qf l ) 

k= i 
JV 

■ Y jL(Wr,*-^^+i-*)%r,*)^q)q Kvk/2 QN+i-k)i 



n l,...,N-l k=l 
,0 _ , .JV _ „ n _ „N 



where i/° = v N = rp = rj N = (0), Qjv = 1. This suggests the following deformed 
partition function: 



- 2 i m) = Y ^(^''(-l)^™ -2 ^ 1 ^^ 2 " 1 " 2 ^ 1 ^^) 

JV 

(103) • Y HiWuK-^HvxAl'e'W^Qk* 1 ) 

V 1,...,N-1 

JV 

• y n^-H^-^'^^'^'^^^^^jv+i-fc)' 

,,1 N-l fe=l 

where v° = v N = rp = r/ N = (0), Qn = 1- We expect this to satisfy the deformed 
Gopakumar-Vafa integrality. 

On the other hand, one can use the following symmetry of the topological vertex 
(see e.g. [23]): 

W (/lW) * (/1 3)*(g) = q- {K - 1+K - 2+K - 3)/2 W^ 4l24ll (q) 
to rewrite the last line in (102). This yields the following expression [10]: 

JV 

(to) ^ TT^lM'l/iUJV+m)^^! (JV+2m-2i) Kiii /2x 



Z A = Y Y[{Q l f l {-l) {N+m)l ^ l q {N+2m ^ 2i)K ^ /2 ) 

JV 

(104) • Y n^-w)^)^ 2 ^* 1 ) 

u i,...,tt-i k=i 

N 



'k i 
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This suggests the following partition function: 

N 

Z A m) = J^(Qj ) '" ,| (-l) (Ar+m)lA ' i| g (Ar+2m_2 ' ) ^ i/2 ) 



N 



(105) ■ n^-vwfoO^Qir ') 

U 1,..-,N-1 k=l 

N 

■ e n(^ fc -vMi7*)*(«> e V' fc/a Q* fc| )- 



'/ 



1..-..N-1 k = l 



N 



In other words. 

z ( a ] = E TT(Q|, ,< * l (-i) (JV+m)| ''\ (JV+2m " 2i) v/ 2 ) 

n 1 ,...,? 1 * »=i 

■^u 1 ,...,/^ (Qii ■ • • j Qn-i',<1, e - *) ■ ^^,...,^{Qx, . . . , Qn-i', Q, e ) 
As in the N = 2 case one can try to relate it to the generating series of 

X (M(JV, *), A_ e -« (V fc ® WJ) ® A_ e - t (VI ® Wfc) O ^ ife )(ei, . . . , ejv , q, q" 1 )- 
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